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NOTATION 
A a i r f o i l   e n c l o s e d  area d iv ided   by  c2 
a p a r t i c i p a t i o n  c o e f f i c i e n t  
C cho rd   l eng th  
i 
cD 
cL 
cM 
cP 
d r a g  c o e f f i c i e n t  
l i f t  c o e f f i c i e n t  
p i tch ing-moment  coef f ic ien t  
p r e s s u r e  c o e f f i c i e n t  
F(X) des ign   ob jec t ive   func t ion   t o   be   min imized   o r   max imized  
- 
f a r b i t r a r y   f u n c t i o n  of X 
- 
G~ (X) c o n s t r a i n t  f u n c t i o n  
[HI H e s s i o n   m a t r i x   c o n t a i n i n g   s e c o n d   p a r t i a l   d e r i v a t i v e s  
n number o f   d e s i g n   v a r i a b l e s  
5' s e a r c h   d i r e c t i o n  i n  o p t i m i z a t i o n  
t / c   t h i c k n e s s - t o - c h o r d   a t i o  
- 
X v e c t o r   c o n t a i n i n g   t h e   d e s i g n   v a r i a b l e s  
xi 
xi 
Yi a r r a y   o f   c o o r d i n a t e s   d e f i n i n g  a shape   func t ion  
lower bound  on   des ign   var iab le  i 
upper bound   on   des ign   va r i ab le  i 
Y a r r a y  of a i r f o i l  c o o r d i n a t e s  
U 
- 
c1 a i r f o i l   a n g l e   o f   a t t a c k  
a* move p a r a m e t e r   i n   o p t i m i z a t i o n  
- 
V g r a d i e n t   o p e r a t o r  
A d i f f e r e n c e   o p e r a t o r  
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SUMMARY 
An e f f i c i e n t  a l g o r i t h m  f o r  a i r f o i l  o p t i m i z a t i o n  is p r e s e n t e d .  The a lgo-  
r i t h m  u t i l i z e s  a p p r o x i m a t i o n  c o n c e p t s  t o  r e d u c e  t h e  number  of  aerodynamic 
a n a l y s e s  r e q u i r e d  t o  r e a c h  t h e  optimum design.  Examples a re  p resen ted   and  
compared   w i th   p rev ious   r e su l t s .   Op t imiza t ion   e f f i c i ency   improvemen t s   o f   more  
t h a n  a f a c t o r  o f  2 are demonst ra ted .   I luch   grea te r   improvements   in   e f f ic iency  
are demonstrated when a n a l y s i s  d a t a  o b t a i n e d  i n  p r e v i o u s  d e s i g n s  are  u t i l i z e d .  
The  method i s  a gene ra l  op t imiza t ion  p rocedure  and  is n o t  l i m i t e d  t o  t h i s  
a p p l i c a t i o n .  The method is i n t e n d e d  f o r  a p p l i c a t i o n  t o  a wide  range  of   engi-  
neer ing  des ign  problems.  
INTRODUCTION 
Numer ica l  op t imiza t ion  t echn iques  have  been  shown t o  p r o v i d e  a versat i le  
t o o l  f o r  a i r f o i l  d e s i g n .  The u s u a l  a p p r o a c h  h a s  b e e n  t o  c o u p l e  e x i s t i n g  a e r o -  
d y n a m i c  a n a l y s i s  c o d e s  w i t h  a n  o p t i m i z a t i o n  c o d e  t o  a c h i e v e  t h e  d e s i g n  c a p a -  
b i l i t y .  The   p r imary   e f fo r t   has   been   d i r ec t ed   t oward   app l i ca t ion   o f   t hese  
t e c h n i q u e s  t o  a wide  va r i e ty  o f  des ign  p rob lems  whi l e  u s ing  inc reas ing ly  
sophis t icated and t ime-consuming aerodynamic analysis  programs.  
The cos t  o f  t h i s  au tomated  des ign ,  whereby  a very t ime-consuming analysis  
program is  e x e c u t e d  r e p e t i t i v e l y  ( p e r h a p s  several hundred  t imes) ,  is neces- 
s a r i l y  a n  i m p o r t a n t  c o n s i d e r a t i o n  when j u d g i n g  t h e  p r a c t i c a l i t y  of t h e s e  
t echn iques .   Pe rhaps   t he   s imp les t   means   o f   e s t ima t ing   cos t  i s  by t h e  number  of 
times the  aerodynamic  ana lys i s  program i s  executed  dur ing  a d e s i g n  s t u d y .  
That is, f o r  a g iven  ae rodynamics  p rogram,  the  cos t  o f  op t imiza t ion  is  a 
d i r e c t  f u n c t i o n  o f  t h e  number of times t h e  program i s  executed  on  the  com- 
pu te r .   The re fo re ,   any   improvemen t   i n   op t imiza t ion   e f f i c i ency  i s  d i r e c t l y  
m e a s u r a b l e  i n  d e s i g n  c o s t  s a v i n g s .  
Very l i t t l e  e f f o r t  h a s  b e e n  d i r e c t e d  t o w a r d  i m p r o v i n g  t h e  e f f i c i e n c y  o f  
t he   au tomated   des ign   p rocess  as a p p l i e d  t o  a e r o d y n a m i c  d e s i g n .  The p r i n c i p a l  
improvement t o  d a t e  h a s  b e e n  i n  t h e  m e t h o d  o f  d e f i n i n g  t h e  a i r f o i l .  I n  r e f e r -  
ences  1 and 2 ,  polynomials  were u s e d  t o  d e f i n e  t h e  a i r f o i l  s h a p e ,  w i t h  t h e  
c o e f f i c i e n t s   o f   t h e   p o l y n o m i a l   b e i n g   t h e   d e s i g n   v a r i a b l e s .   I n   r e f e r e n c e s  3 
and 4 ,  and in  subsequent  work ,  these  polynomia ls  were rep laced  by  more  genera l  
a n a l y t i c a l  o r  n u m e r i c a l l y  d e f i n e d  s h a p e  f u n c t i o n s .  The r e s u l t  w a s  a n  e f f i -  
ciency improvement of more than a f a c t o r  o f  2 ,  t o g e t h e r  w i t h  i m p r o v e d  a i r f o i l  
d e f i n i t i o n  ( r e f .  3 ) .  However, e f f ic iency   improvements  are s t i l l  needed i f  
n u m e r i c a l  a i r f o i l  o p t i m i z a t i o n  is t o  become an e c o n o m i c a l l y  f e a s i b l e  d e s i g n  
approach when u s i n g  s o p h i s t i c a t e d  a e r o d y n a m i c  a n a l y s i s  c o d e s .  
The  purpose  here  i s  t o  p r e s e n t  a t e c h n i q u e  t h a t  i m p r o v e s  t h e  d e s i g n  e f f i -  
c i e n c y  b y  a n o t h e r  f a c t o r  o f  2 or  more .  The  bas ic  approach  is  t o  d e v e l o p  
approximat ions  to  the  des ign  problem us ing  a minimal amount of information. 
The  approximat ing  func t ions  are u s e d  i n  t h e  o p t i m i z a t i o n  a n d  t h e  r e s u l t i n g  
d e s i g n  is a n a l y z e d   p r e c i s e l y .   T h i s   a n a l y s i s   i n f o r m a t i o n  i s  a d d e d   t o   t h e  
a v a i l a b l e  d a t a  a n d  t h e  p r o c e s s  i s  r e p e a t e d  u n t i l  c o n v e r g e n c e  t o  t h e  optimum 
is  achieved .   (The   idea   o f   us ing   approximat ion   concepts   in   aerodynamic   op t i -  
miza t ion  o r ig ina t ed  f rom the  obse rved  success  o f  similar techniques used by 
Schmit   and  Miura  ( ref .  5) i n  t h e  f i e l d  o f  s t r u c t u r a l  o p t i m i z a t i o n . )  
To provide  a background for  the  method,  the  bas ic  concepts  of  numer ica l  
o p t i m i z a t i o n  are f i r s t  p r e s e n t e d .  T h i s  i s  followed  by a d e s c r i p t i o n  o f  t h e  
present  method of  coupl ing  an  aerodynamic  ana lys i s  program to  an  opt imiza t ion  
program fo r   au tomated   des ign .  The concep t   o f   op t imiza t ion   by   s equen t i a l  
approximations i s  then  presented ,  fo l lowed by  a more  prec ise  mathemat ica l  
formulat ion  of   the  method  and a summary of   the   des ign   a lgor i thm.   Examples  
d e m o n s t r a t e  t h e  e f f i c i e n c y  a n d  r e l i a b i l i t y  o f  t h e  m e t h o d  a n d  f i n a l l y ,  some 
o f  t h e  i m p l i c a t i o n s  o f  t h i s  m e t h o d  f o r  f u t u r e  d e v e l o p m e n t  are d i s c u s s e d .  
OPTIMIZATION CONCEPTS 
Assume t h e  a i r f o i l  i s  d e f i n e d  b y  t h e  r e l a t i o n s h i p  
where i s  a vec to r   con ta in ing   t he   uppe r   and   l ower   coo rd ina te s   o f   t he  a i r -  
f o i l  and T i  are s h a p e   f u n c t i o n s   t h a t  may t h e m s e l v e s   d e f i n e   a i r f o i l s .  The 
c o e f f i c i e n t s  a l ,  a2  . . ., an are r e f e r r e d   t o  as p a r t i c i p a t i o n   c o e f f i c i e n t s .  
Now assume i t  is  d e s i r e d  t o  f i n d  t h e  a i r f o i l  t h a t  m i n i m i z e s  t h e  d r a g  c o e f f i -  
c i e n t  C D  w i t h   c o n s t r a i n t s   o n   l i f t   c o e f f i c i e n t  C L ,  t h i c k n e s s - t o - c h o r d   r a t i o ,  
t / c ,  e t c . ,  a t  a s p e c i f i e d  Mach number  and a n g l e  o f  a t t a c k .  The p a r t i c i p a t i o n  
c o e f f i c i e n t s  a l  - an are  t h e   d e s i g n   v a r i a b l e s ,   a n d  w i l l  be  changed  during 
t h e   o p t i m i z a t i o n   p r o c e s s .  The n-d imens iona l   space   spanned   by   the   des ign  
v a r i a b l e s  is c a l l e d  t h e  d e s i g n  s p a c e .  
The op t imiza t ion  p rob lem can  be  s t a t ed  ma themat i ca l ly  as: 
Minimize 
CD 
s u b j e c t  t o  
2 
( t / c )  2 (t/c)min 
where CD, CL, and t / c  are f u n c t i o n s   o f  a l ,  a2 ,  . . ., an. Th i s   can   be  
g e n e r a l i z e d  t o  b e :  
Minimize 
s u b j e c t  t o  
J 
where x is  a v e c t o r   c o n t a i n i n g  
a t o t a l   o f  m c o n s t r a i n t s .  The 
the   form  of   equa t ion  ( 6 )  as 
S i m i l a r l y ,   f r o m   e q u a t i o n  ( 4 )  
Xi G x U i = l , n  ( 7 )  i 
t h e   d e s i g n   v a r i a b l e s ,  ai ,  i = 1 ,n .   The re  are 
l i f t  c o n s t r a i n t  of e q u a t i o n  ( 3 )  i s  w r i t t e n  i n  
1 -- cL G O  
' b i n  
The parameters Xi '  and X i  o f   equa t ion  ( 7 )  are  r e f e r r e d   t o   a s   s i d e  con- 
s t r a i n t s  t h a t  l i m i t  t he   r eg ion   o f   s ea rch   fo r   t he   op t imum.   A l though   s ide  
c o n s t r a i n t s  c o u l d  b e  i n c l u d e d  i n  e q u a t i o n  ( 6 ) ,  t h e y  a re  u s u a l l y  t r e a t e d  s e p a -  
r a t e l y  f o r  c o n v e n i e n c e  a n d  e f f i c i e n c y  . 
U 
The   op t imiza t ion   problem  of   equa t ions  (5 ) - (7 )  i s  q u i t e  g e n e r a l .  I f  i t  
i s  d e s i r e d   t o   m a x i m i z e  CL w i t h  a c o n s t r a i n t   o n  CD,  -CL i s  minimized. 
A l s o ,  t h e  c o n s t r a i n t  se t  of   equa t ion  (6 )  is n o t  l i m i t e d  t o  c o n s t r a i n t s  a t  t h e  
d e s i g n  f l i g h t  c o n d i t i o n .  W i t h  t h i s  f o r m u l a t i o n ,  t h e  a i r f o i l  c a n  b e  d e s i g n e d  
a t  a g i v e n  f l i g h t  c o n d i t i o n  w i t h  c o n s t r a i n t s  a t  o t h e r  f l i g h t  c o n d i t i o n s  so 
l o n g  as t h e  a p p r o p r i a t e  i n f o r m a t i o n  i s  ca l cu la t ed  du r ing  the  ae rodynamic  
a n a l y s i s .  I f  t h e   i n e q u a l i t y   c o n d i t i o n s   o f   e q u a t i o n s  (6 )  and ( 7 )  are  satis- 
f i e d ,  t h e  d e s i g n  is s a i d  t o  b e  f e a s i b l e .  I f  a n y  o f  t h e s e  c o n d i t i o n s  are 
v i o l a t e d ,  t h e  d e s i g n  i s  c a l l e d  i n f e a s i b l e .  
The o p t i m i z a t i o n  p r o c e s s  t y p i c a l l y  p r o c e e d s  i n  a n  i t e r a t ive  f a s h i o n  as: 
x q  = xq-1 + a* p (10) 
An i n i t i a l  d e s i g n ,  go, must  be provided which may o r  may n o t  d e f i n e  a f e a s i b l e  
d e s i g n .  The s u p e r s c r i p t  q i s  t h e   i t e r a t i o n  number.  Vector Sq i s  t h e  
- 
3 
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s e a r c h  - d i r e c t i o n  a n d  a* is a scaler de te rmin ing  the  move d i s t a n c e  i n  d i r e c -  
t i o n  Sq. The n o t a t i o n  a is used   fo r   cons i s t ency   w i th   ma themat i ca l   p ro -  
gramming l i t e r a t u r e  a n d  s h o u l d  n o t  b e  c o n f u s e d  w i t h  t h e  a i r f o i l  a n g l e  o f  
a t t a c k .  
I f  g rad ien t  me thods  are u s e d ,  t h e  o p t i m i z a t i o n  p r o c e s s  c o n s i s t s  o f  two 
s t e p s .  The f i r s t  i s  de te rmina t ion   o f  a move d i r e c t i o n  sq t h a t  w i l l  improve 
t h e  d e s i g n  w i t h o u t  v i o l a t i n g  a n y  c o n s t r a i n t s ;  t h e  s e c o n d  i s  c a l c u l a t i o n  of 
a* s u c h  t h a t  t h e  o b j e c t i v e  i s  reduced as much as p o s s i b l e  i n  t h i s  d i r e c t i o n .  
T h i s  may be  unde r s tood  by  cons ide r ing  a two-variable  design problem where 
CD is  m i n i m i z e d   s u b j e c t   o   c o n s t r a i n t s   o n  CL and t / c .  A h y p o t h e t i c a l  
problem i s  shown i n  f i g u r e  1 which shows contours of constant drag and shows 
t h e  CL and t / c  c o n s t r a i n t   b o u n d a r i e s .  Assume a n  i n i t i a l  d e s i g n  is g i v e n  a t  
p o i n t  A,  wi th   no act ive o r  v i o l a t e d  c o n s t r a i n t s .  U s i n g  g r a d i e n t  m e t h o d s ,  t h e  
process   begins   by   per turb ing   each   component   o f  x t o   d e t e r m i n e  i ts  e f f e c t   o n  
t h e   o b j e c t i v e .   T h a t  i s ,  t h e   g r a d i e n t   o f  CD i s  c a l c u l a t e d  by f i n i t e   d i f f e r -  
ence  us ing  a s i n g l e  f o r w a r d  s t e p ,  a n d  t h e  g r a d i e n t  v e c t o r  i s  c o n s t r u c t e d  as 
- 
VF = ?C = D 
It is  obv ious  tha t  t he  g rea t e s t  improvemen t  o f  t he  ob jec t ive  func t ion  i s  
achieved  by - moving - i n   t h e   n e g a t i v e   g r a d i e n t ,   o r   s t e e p e s t  - d e s c e n t   d i r e c t i o n ,  
so t h a t  S = -VCD. Knowing t h e   s e a r c h   d i r e c t i o n ,  S1, t h e  scalar a* t h a t  
w i l l  minimize CD i n   t h i s   d i r e c t i o n   m u s t   b e   f o u n d .   T h i s  is a one-var iab le  
minimiza t ion   problem.   Severa l  somewhat a r b i t r a r _ y   v a l u e s   o f  a are d e f i n e d  
a n d   t h e   a i r f o i l  is analyzed a t  e a c h   p o i n t ,  = X o  + as1. A polynomial is 
u s u a l l y  f i t  t o  t h e s e  p o i n t s  a n d  a more   p rec i se  a = a* is  c a l c u l a t e d  a t  p o i n t  
B i n  f i g u r e  1, e n d i n g   t h e   f i r s t   o p t i m i z a t i o n   i t e r a t i o n .  The s e c o n d   i t e r a t i o n  
b e g i n s  b y  a g a i n  p e r t u r b i n g  t h e  d e s i g n  v a r i a b l e s  t o  o b t a i n  t h e  g r a d i e n t  o f  t h e  
o b j e c t i v e .  U s i n g  t h e  c o n j u g a t e  d i r e c t i o n  - a l g o r i t h m  o f  F l e t c h e r  a n d  Reeves 
( r e f .  6) a new s e a r c h  d i r e c t i o n ,  S 2 ,  is found  which w i l l  a g a i n  r e d u c e  t h e  
o b j e c t i v e .  A s e a r c h  i s  performed i n  t h i s  d i r e c t i o n ,  l e a d i n g  t o  p o i n t  C ,  
c o m p l e t i n g   i t e r a t i o n  two. A t  C ,  t h e  l i f t  c o n s t r a i n t  i s  a c t i v e  (Gj = 0) and 
a d i r e c t i o n  i s  f o u n d   t h a t  w i l l  r educe  CD w i t h o u t  v i o l a t i n g  t h i s  c o n s t r a i n t .  
The g r a d i e n t  o f  b o t h  t h e  o b j e c t i v e  a n d  act ive c o n s t r a i n t  are c a l c u l a t e d  a n d  
a new s e a r c h  d i r e c t i o n ,  s3, i s  found using Zoutendi jk 's  method of f e a s i b l e  
4 
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d i r e c t i o n s   ( r e f s .  7,8). The p r o c e s s  i s  r e p e a t e d   u n t i l  a d e s i g n  a t  E i s  
ob ta ined  where  no  d i r ec t ion  can  be  found  tha t  w i l l  r e d u c e  t h e  o b j e c t i v e  w i t h -  
o u t  v i o l a t i n g  t h e  c o n s t r a i n t s  a n d  t h i s  d e s i g n  is c a l l e d  optimum.  Logic i s  
i n c l u d e d  i n  t h e  a l g o r i t h m  so t h a t  i f  a n  i n i t i a l  d e s i g n  i s  d e f i n e d  a t  p o i n t  F ,  
t h e  c o n s t r a i n t  v i o l a t i o n s  are overcome t o  y i e l d  a f i n a l  d e s i g n  a t  p o i n t  E. 
The opt imiza t ion  procedure  descr ibed  above  is e s s e n t i a l l y  t h a t  u s e d  i n  
t h e  CONMIN program  ( re f .  9 ) .  I n  a t y p i c a l   d e s i g n ,   a b o u t  10 i t e r a t i o n s  are 
r e q u i r e d   t o   a c h i e v e   a n  optimum d e s i g n .   F o r   e a c h   i t e r a t i o n ,  n aerodynamic 
a n a l y s e s  are  u s e d  t o  c a l c u l a t e  t h e  r e q u i r e d  g r a d i e n t  i n f o r m a t i o n  b y  f i n i t e  
d i f f e r e n c e .  To de termine  a* r e q u i r e s   a n   a v e r a g e  of t h r e e   a n a l y s e s  so t h a t  
a t o t a l  of  10(n + 3 )  = 10n + 30 aerodynamic   ana lyses  are r e q u i r e d  f o r  o p t i -  
m i z a t i o n  f o r  a s i n g l e  f l i g h t  c o n d i t i o n .  A l t h o u g h  q u i t e  e f f i c i e n t  f r o m  a n  
o p t i m i z a t i o n  v i e w p o i n t ,  t h a t  many e x e c u t i o n s  of a soph i s t i ca t ed  ae rodynamics  
program  can  be  very  expensive.   Therefore ,  i t  is d e s i r a b l e  t o  r e d u c e  t h e  number 
o f   r e q u i r e d   a n a l y s e s   a s  much as p o s s i b l e .   T h i s   i m p r o v e m e n t   i n   o p t i m i z a t i o n  
e f f i c i e n c y  is t h e   s u b j e c t   h e r e .  The technique  w i l l  b e   d e v e l o p e d   b y   f i r s t  
r ev iewing  the  approach  cu r ren t ly  used  fo r  ae rodynamic  op t imiza t ion .  
Previous  Method of Aerodynamic Optimization 
A t  t h e  p r e s e n t  time, most a i r f o i l  o p t i m i z a t i o n  i s  performed  by  coupling 
the  ae rodynamics  p rogram to  the  op t imiza t ion  p rogram as shown i n  f i g u r e  2 .  
Each t i m e  t h e  o p t i m i z a t i o n  p r o g r a m  d e f i n e s  a new d e s i g n ,  e i t h e r  f o r  f i n i t e  
d i f f e r e n c e   g r a d i e n t   c o m p u t a t i o n s   o r   f o r   d e t e r m i n i n g  a*, the   aerodynamics  
program i s  c a l l e d  f o r  a c o m p l e t e   a n a l y s i s .   F o r   t h e   e x a m p l e   o f   f i g u r e  1, a 
se t  o f   a n a l y s e s  i s  performed as i n d i c a t e d  i n  f i g u r e  3 .  Dur ing   op t imiza t ion ,  
a t  i t e r a t i o n  j ,  v e r y  l i t t l e  i n f o r m a t i o n   f r o m   p r e v i o u s   i t e r a t i o n s  i s  u s e d .  
A t  p o i n t  B i n   f i g u r e  1, t h e   v e c t o r  S 1  is u s e d   t o   c a l c u l a t e  s2 so t h a t ,   i f  
no c o n s t r a i n t s  a r e  a c t i v e ,   p r i o r   i n f o r m a t i o n  i s  used.  However, i f  o n e  o r  
m o r e  c o n s t r a i n t s  are ac t ive  o r  v i o l a t e d  ( t h e  u s u a l  s i t u a t i o n ) ,  no p r i o r  
i n f o r m a t i o n  is used.  
- 
It c a n  b e  a r g u e d  i n t u i t i v e l y  t h a t  a l l  c a l c u l a t e d  i n f o r m a t i o n  s h o u l d  
be   o f   va lue   i n   gu id ing   t he   op t imiza t ion   p rocess .   Fu r the rmore ,   i n  a d e s i g n  
s tudy ,   numerous   op t imiza t ions  are usual ly   performed.   For   example,   one 
o p t i m i z a t i o n  may be  done to   min imize  CD w i t h   c o n s t r a i n t s   o n  CL and ,  l a t e r ,  
a n o t h e r   o p t i m i z a t i o n   d o n e   t o   m i n i m i z e  CM w i t h   c o n s t r a i n t s   o n  CL and CD. 
It  may be  expec ted  tha t ,  because  many a i r f o i l s  were a n a l y z e d  d u r i n g  t h e  f i r s t  
o p t i m i z a t i o n ,  a second  op t imiza t ion  a t  t h e  same f l i g h t  c o n d i t i o n  s h o u l d  
u t i l i z e  t h i s  a v a i l a b l e  i n f o r m a t i o n .  One  way t o  do t h i s  would  be  to   approxi-  
mate t h e   r e q u i r e d   f u n c t i o n s   u s i n g   a v a i l a b l e   i n f o r m a t i o n .   T h i s  would p r o v i d e  
e x p l i c i t  f u n c t i o n s  w h i c h  c o u l d  now be  op t imized  independen t  o f  t he  t i m e  
consuming  aerodynamic  analysis  program.  Aerodynamic  analysis i s  s t i l l  used 
t o  improve  the  approx ima t ion ,  l ead ing  to  a p r e c i s e  s o l u t i o n .  
I 
The genera l  p rocedure  i s  o u t l i n e d  i n  t h e  f o l l o w i n g  s e c t i o n .  
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Optimizat ion by Sequent ia l  Approximations 
Assume i t  i s  d e s i r e d  t o  a p p r o t f i m a t e  t h e  a e r o d y n a m i c  p a r a m e t e r s  l i n e a r l y  
i n  terms o f   t h e   d e s i g n   v a r i a b l e s ,  X. Then,   for   example,  
a cD a cD a cD c, 2 CD0 + - (X, - X p )  + - (X2 - X20) + . . . + - 
3x1 3x2 ax ‘Xn - x 0)  (12) n n 
w h e r e  t h e  s u p e r s c r i p t  d e n o t e s  t h e  p o i n t  a b o u t  w h i c h  t h e  c u r v e  f i t  w a s  done. 
Now a t  p o i n t  A i n  f i g u r e  1, t h i s   i n f o r m a t . i o n  i s  obta ined   by  n + 1 a n a l y s e s ;  
a n  i n i t i a l  f u n c t i o n  e v a l u a t i o n  p l u s  f i n i c e  d i f f e r e n c e  g r a d i e n t s .  S i m i l a r  
i n fo rma t ion   can   be   s imu l t aneous ly   ob ta ined   fo r  CL and t / c .  T h i s   p r o v i d e s  
e x p l i c i t ,   b u t   a p p r o x i m a t e ,   e x p r e s s i o n s   f o r   t h e   f u n c t i o n s .  The two-variable  
r e p r e s e n t a t i o n  f o r  t h i s  l i n e a r i z e d  p r o b l e m  is  shown i n  f i g u r e  4 ,  where  the  
o b j e c t i v e  a n d  c o n s t r a i n t s  are now l i n e a r  f u n c t i o n s  o f  t h e  d e s i g n  v a r i a b l e s .  
It  i s  clear f r o m  f i g u r e  4 t h a t  t h e  s o l u t i o n  t o  t h e  a p p r o x i m a t e  o p t i m i z a t i o n  
problem is unbounded s o  t h a t  t h i s  would n o t  y i e l d  m e a n i n g f u l  r e s u l t s .  
However,  by l i m i t i n g  t h e  d e s i g n  c h a n g e  t o  some reasonable  bounds ,  shown  by 
t h e  r e c t a n g l e ,  t h e  o p t i m i z a t i o n  w i l l  have a s o l u t i o n .  A t  t h a t  p o i n t ,  t h e  
p r o b l e m  c o u l d  b e  l i n e a r i z e d  a g a i n  a n d  r e s o l v e d .  N o t e  t h a t  a t  t h e  e n d  o f  t h i s  
f i r s t  o p t i m i z a t i o n  t h e  a i r f o i l  w i l l  b e  a n a l y z e d  p r e c i s e l y  a n d  t h e  r e s u l t s  
compared   wi th   the   approximate   so lu t ion .   Therefore ,  n + 2 a n a l y s e s  are now 
a v a i l a b l e  t o  set up a new approximate  problem. The p rob lem cou ld  be  l i nea r -  
i z e d  b y  e i t h e r  u s i n g  o n l y  n + 1 o f   t h e s e   a n a l y s e s   o r   u s i n g  a leas t  s q u a r e s  
f i t   t o  a l l  o f  t h e  d a t a .  
Note  tha t ,  because  th i s  approximate  problem i s  s t r i c t l y  l i n e a r ,  l i n e a r  
programming  techniques  could  be  used  (Simplex  method,  ref.   10).  The technique  
o f  r e p e a t e d l y  l i n e a r i z i n g  a n o n l i n e a r  p r o b l e m  a n d  s o l v i n g  w i t h  l i n e a r  p r o -  
gramming is known as “sequent ia l  l inear  programming“  and  has  been  used  wi th  
s u c c e s s  i n  s t r u c t u r a l  d e s i g n  ( r e f .  11). 
An a l t e r n a t i v e  a p p r o a c h  t o  s e q u e n t i a l  l i n e a r  p r o g r a m m i n g ,  and t h e  o n e  
used  he re ,  is  t o  u s e  t h e  e x c e s s  d a t a  t o  d e v e l o p  h i g h e r  o r d e r  a p p r o x i m a t i o n s  
t o  t h e  f u n c t i o n s .  T h e n ,  i n  t h i s  case, t h e   e x t r a   a n a l y s i s   w o u l d   b e   u s e d   t o  
p r o v i d e  a s e c o n d - o r d e r   a p p r o x i m a t i o n   w i t h   r e s p e c t   t o  X I .  This  new approxi-  
mate problem i s  opt imized,  fol lowed by a new p r e c i s e  a n a l y s i s  a n d  t h e  p r o c e s s  
r e p e a t e d  u n t i l  t h e  s o l u t i o n  h a s  c o n v e r g e d .  When a t o t a l  of 
1 + n + n ( n  + 1 ) / 2  a n a l y s e s  are a v a i l a b l e ,  a f u l l  q u a d r a t i c  a p p r o x i m a t i o n  i s  
p o s s i b l e .   S u b s e q u e n t   t o   t h i s ,  new a n a l y s e s  are  u s e d  i n  a weighted l eas t  
s q u a r e s   f i t ,   r a t h e r   t h a n   o b t a i n i n g   e v e r   h i g h e r   o r d e r   a p p r o x i m a t i o n s .   O n l y  a 
second-order  approximation is  used  because  h igher  order  approximat ions  
(1) would r e q u i r e  e x c e s s i v e  d a t a ,  ( 2 )  t end  to  mode l  no i se  in  the  da t a ,  and  
( 3 )  have been found to be unnecessary.  
I f  a quadra t i c  des ign  p rob lem were b e i n g  c o n s i d e r e d ,  t h e  q u a d r a t i c  
approximat ion   would   be   p rec ise .   I f   the   p roblem a t  hand  can  be  approximated 
c l o s e l y  by a quadra t i c  func t ion ,  t h i s  me thod  can  be  expec ted  to  be  
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compet i t ive .  Assuming o n l y  a f ew  ana lyses  are r equ i r ed   beyond   t ha t   necessa ry  
f o r  a q u a d r a t i c  a p p r o x i m a t i o n ,  t h i s  method is  compe t i t i ve  fo r  p rob lems  o f  
fewer  than  20 d e s i g n  v a r i a b l e s ,  a n d  is twice as e f f i c i e n t  f o r  p r o b l e m s  o f  
10  v a r i a b l e s .  More dramatic  improvements are r e a l i z e d  b y  u s i n g  a n a l y s i s  d a t a  
o b t a i n e d  i n  o n e  o p t i m i z a t i o n  as d a t a  f o r  s u b s e q u e n t  o p t i m i z a t i o n s .  
The concep t  o f  s equen t i a l  app rox ima t ions  i s  shown in  b lock  d i ag ram fo rm 
i n  f i g u r e  5. N o t e ,   i n   c o m p a r i s o n   t o   f i g u r e  2 ,  t h a t   t h e   o p t i m i z a t i o n   p r o g r a m  
n e v e r  d i r e c t l y  w o r k s  w i t h  t h e  a e r o d y n a m i c  a n a l y s i s ,  b u t  o n l y  o p t i m i z e s  t h e  
approx ima t ing   func t ions .   Because   t he   eva lua t ion   o f   t he   app rox ima te   func t ions  
is shor t  and  is e x p l i c i t ,  t h e  e f f i c i e n c y  o f  t h e  o p t i m i z a t i o n  c o d e  i t s e l f  i s  of 
minor  impor t ance  because  the  necessa ry  func t ion  eva lua t ions  are q u i t e  r a p i d .  
Also, g r a d i e n t s  of t h e  a p p r o x i m a t i n g  f u n c t i o n s  a re  e a s i l y  c a l c u l a t e d  a n a l y -  
t i c a l l y ,  a f e a t u r e  t h a t  i m p r o v e s  t h e  e f f i c i e n c y  o f  t h e  a p p r o x i m a t e  
o p t i m i z a t i o n .  
I n  t h e  f o l l o w i n g  s e c t i o n ,  t h e  s e q u e n t i a l  a p p r o x i m a t i o n  a p p r o a c h  t o  
o p t i m i z a t i o n  i s  ou t l ined  ma themat i ca l ly .  
Mathematical  Formulation 
Cons ide r  t he  Tay lo r  series expans ion  of  any  func t ion:  
I n   e q u a t i o n  (14), x0 i s  the   po in t   about   which   the   expans ion  i s  being  per-  
formed, f o  is the   co r re spond ing   func t ion   va lue ,   and  !€ i s  t h e   v e c t o r   o f  
f i r s t  p a r t i a l  d e r i v a t i v e s  ( g r a d i e n t ) .  The m a t r i x  o f  second p a r t i a l  d e r i v a -  
t i v e s  ( H e s s i o n  m a t r i x ) ,  H ,  is symmetric: 
- 
Vf = H =  
SYMMETRIC 
I n  a e r o d y n a m i c  o p t i m i z a t i o n ,  t h i s  i n f o r m a t i o n  i s  n o t  u s u a l l y  a v a i l a b l e  a n a l y -  
t i c a l l y ,  b u t  c a n  b e  c a l c u l a t e d  n u m e r i c a l l y .  The usua l   app roach  is t o  u s e  
f i n i t e  d i f f e r e n c e  g r a d i e n t s  t o  p r o v i d e  a good approximation  to   of   and H. 
This  assumes a small f i n i t e  d i f f e r e n c e  s t e p  s i z e  t o  i n s u r e  t h a t  t h e  
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I . .  
approximation is  good.  However, it may b e  d e s i r a b l e  t o  u t i l i z e  p r e v i o u s l y  
c a l c u l a t e d  d a t a  t o  d e t e r m i n e  t h e  c o m p o n e n t s  of of  and H ,  r e c o g n i z i n g  t h a t  t h e  
accu racy  o f  t h i s  approx ima t ion  w i l l  no t  b e  as g r e a t  as i f  small f i n i t e  d i f f e r -  
e n c e  s t e p s  were used .  
The terms up through second order  of e q u a t i o n  (14) may b e  w r i t t e n  i n  m o r e  
compact  form as 
Af = of - A x  + A x T  [HI A2 (16)  
where 
and 
Af = f - f o  
Equat ion (16) may be  expanded as 
Af = Vfl AX1 + Vf2AX2 + * * . Vf AX 
n n  
+ 7 1 (HI1 AX12 + H 2 2  AXz2 + * - + Hnn AXn2) 
Now assume a nominal   des ign ,  X o ,  ha s   been   ana lyzed   t o   y i e ld  f O .  A l s o ,  
numerous   o ther   des igns ,  g l ,  . . . Xk have   been   ana lyzed   to   g ive  
f l ,  . . . , f k .  Let 
- 
A x i  = X1 - Xo i = 1, . . . )  k - .  - 
and 
A f i  = f i  - f o  i = 1, . . ., k 
Then w e  can write k e q u a t i o n s  of  the   form ( 1 7 ) .  The  unknowns a r e  
Vfl . . . Vfn and H1.1,  H 1 2  . . . Hnn f o r  a t o t a l   o f  R = n + n ( n  + 1)/2 
unknowns.  Remembering t h a t   o n e   a n a l y s i s  was r e q u i r e d   f o r   t h e   n o m i n a l   d e s i g n ,  
go, a t o t a l  of R + 1 d e s i g n s  are  r equ i r ed .   Thus ,  i f  k > R + 1, t h e  
unknowns can  be  determined.   Equat ion ( 1 7 )  i s  l i n e a r  i n  t h e  unknown c o e f f i -  
c i e n t s .   W r i t i n g   t h i s   e q u a t i o n   f o r   e a c h   o f  R d e s i g n s   y i e l d s  R e q u a t i o n s  
wh ich  can  be  so lved  d i r ec t ly .  
I f  more  than R d e s i g n s  are a v a i l a b l e ,  a weighted least  s q u a r e s  f i t  i s  
u s e d .   I f  less than R d e s i g n s  are  u s e d ,   f e w e r   c o e f f i c i e n t s  are c a l c u l a t e d .  
8 
I n  t h e  e x t r e m e ,  i f  o n l y  t h e  n o m i n a l  d e s i g n  a n d  o n e  o t h e r  d e s i g n  are a v a i l a b l e ,  
o n l y  t h e  f i r s t  term i n  e q u a t i o n  ( 1 7 )  is ca l cu la t ed .   Th i s   app rox ima t ion   can  
b e   u s e d   t o   o p t i m i z e   w i t h   r e s p e c t   t o   v a r i a b l e  X1 on ly .  The r e s u l t   o f   t h a t  
o p t i m i z a t i o n  is t h e n  a n a l y z e d  a n d  u s e d  t o  c a l c u l a t e  t h e  f i r s t  two t e r m s  i n  
e q u a t i o n  ( 1 7 ) .  O p t i m i z a t i o n   c a n   t h e n   b e   p e r f o r m e d   w i t h   r e s p e c t   o  X1 and 
X2 ,  and so o n .  I n  t h i s  f a s h i o n ,  a l l  d a t a  are u s e d  t o  g u i d e  t h e  o p t i m i z a t i o n ,  
and   t he   des ign  is con t inua l ly   improv ing .   F igu re  6 d e p i c t s   t h e   s e q u e n c e   o f  
d e s i g n s  t h a t  may b e  a n a l y z e d  p r e c i s e l y  i n  t h e  two va r i ab le  example .  
Design Algorithm 
Given  the  capab i l i t y  o f  deve lop ing  the  approx ima te  Tay lo r  series expan- 
s ion  o f  t he  va r ious  ae rodynamic  and  geomet r i c  func t ions ,  i t  i s  i n c o r p o r a t e d  
i n t o  a n  o p t i m i z a t i o n  a l g o r i t h m  as fo l lows:  
1. 
2. 
3 .  
4 .  
5. 
6. 
7 .  
8 .  
9.  
Given k i n i t i a l   d e s i g n s ,  k 2 2 
Create t h e  T a y l o r  series expans ion  abou t  t he  cu r ren t  "bes t "  des ign  
Number o f  d e s i g n  v a r i a b l e s ,  NDV = MIN(k,n) 
- S e t  limits o n  t h e  d e s i g n  v a r i a b l e s ,  s a y  ?a = 0.8*x0 and 
xu = 1.2*xo 
Opt imize  the  approximat ing  func t ions  
Analyze the proposed optimum 
Add r e s u l t s  t o  d a t a  s e t ;  se t  k = k + 1 
I f  k G n + 1 go t o  s t e p  2 
Check convergence 
10 .  I f   s a t i s f i e d ,   p r i n t   f i n a l   r e s u l t s ;   o t h e r w i s e ,  go t o   s t e p  2 
A FORTRAN computer code w a s  w r i t t e n  f o r  t h i s  t e c h n i q u e  a n d  a b lock  
d iagram of  the  major  opera t ions  i s  shown i n  f i g u r e  5. 
The CONMIN program ( r e f .  9)  was  used f o r  t h e  o p t i m i z a t i o n  c a p a b i l i t y .  
I n  t h e  f o l l o w i n g  s e c t i o n ,  d e s i g n  e x a m p l e s  a r e  p r e s e n t e d  t o  d e m o n s t r a t e  
t h e  e f f i c i e n c y  o f  t h e  m e t h o d .  
DESIGN EXAMPLES 
Examples a re  p r e s e n t e d  h e r e  t o  i d e n t i f y  t h e  g e n e r a l i t y  a n d  e f f i c i e n c y  
of   approximation  concepts  as a p p l i e d   t o   a i r f o i l   o p t i m i z a t i o n .   F o u r   e x i s t i n g  
9 
a i r f o i l s  are used as t h e  d e s i g n  b a s i s  v e c t o r s  i n  e q u a t i o n  ( 1 ) .  T h e s e  are t h e  
NACA 2412, NACA 641-412, NACA 652-415,  and t h e  NACA 642-A215 a i r f o i l s .  The 
c o o r d i n a t e s  are  d e f i n e d  a t  50   po in t s   a long   t he   uppe r   and   l ower   su r f aces .  The 
c o o r d i n a t e s  are a p p r o x i m a t e ,  o b t a i n e d  f r o m  c u r v e  f i t s  o f  t h e  e x i s t i n g  a i r f o i l  
d a t a  ( r e f s .  1 2 ,  1 3 )  a n d  n o  a t t e m p t  w a s  made t o  p r e c i s e l y  m a t c h  t h e  d a t a  g i v e n  
i n  t h e . r e f e r e n c e s .  Two a d d i t i o n a l  b a s i s  v e c t o r s  were used   to   impose   the  
boundary   condi t ions  a t  t h e  t r a i l i n g  e d g e  o f  t h e  a i r f o i l :  Yus = X / C ,  Ygs = 0 
and Y, = 0, YES = -(X/C). The s h a p e s  d e f i n e d  b y  t h e s e  s i x  b a s i s  v e c t o r s  are 
shown i n  f i g u r e  7 .  T h e s e  b a s i s  v e c t o r s  are  t h e  same as t h o s e  u s e d  i n  
r e f e r e n c e   3 .   F o r   c o n s i s t e n c y ,   t h e  same aerodynamic   ana lys i s   code   ( re f .   14)  
w a s  a l so   u sed .   Three   o f   t he   des ign   examples   o f   r e f e rence  3 are so lved   he re ,  
two of which were a l s o  p r e s e n t e d  i n  r e f e r e n c e  2 .  
Example 1: Li f t   Max imiza t ion ,  M = 0.1,  a = 6" 
F i g u r e  8 shows t h e  r e s u l t s  o f  o p t i m i z a t i o n  of a n  a i r f o i l  f o r  maximum 
l i f t .  T h e  d e s i g n  c o n s t r a i n t s  are l i s t e d  o n  t h e  f i g u r e  a n d  are  t h e  same as 
Case 2 o f   r e f e rence   3 .   Add i t iona l   numer i ca l   r e su l t s  are  g i v e n  i n  t a b l e s  1 
and 2 .  T h i s   o p t i m i z a t i o n   r e q u i r e d  1 9  aerodynamic   ana lyses ;  44 were r e q u i r e d  
previous ly .   Al though i t  may b e , a r g u e d  t h a t  t h i s  a i r f o i l  i s  i m p r a c t i c a l ,  i t  
must  be  remembered t h a t  t h i s  a i r f o i l  m a t h e m a t i c a l l y  s a t i s f i e s  t h e  d e s i g n  
c o n s t r a i n t s .  A l s o ,  t h e  l i f t  c o e f f i c i e n t  o b t a i n e d  h e r e ,  CL = 1.144,  i s  b e t t e r  
t han   t he   one   ob ta ined   be fo re ,  CL = 1.108. The f a c t  t h a t  t h i s  a i r f o i l  was n o t  
o b t a i n e d  u s i n g  t h e  m e t h o d  o f  r e f e r e n c e  3 s u g g e s t s  t h a t  t h e  p r e s e n t  m e t h o d  is 
n u m e r i c a l l y   b e t t e r   c o n d i t i o n e d   f o r   o p t i m i z a t i o n .   F u r t h e r m o r e ,   t h e s e   r e s u l t s  
were o b t a i n e d  u s i n g  less t h a n  h a l f  t h e  number of aerodynamic analyses used 
p r e v i o u s l y .  
The q u a l i t y  of t h e  a p p r o x i m a t i o n  t o  t h e  l i f t  c o e f f i c i e n t  may be judged 
f r o m   f i g u r e  9.  Because   there  are  f o u r   i n d e p e n d e n t   d e s i g n   v a r i a b l e s ,   t h e  
fu l l  s econd-o rde r  Tay lo r  series e x p a n s i o n  o f  t h e  f u n c t i o n s  r e q u i r e s  15 a n a l -  
y s e s .  It is i n t r i g u i n g   t o   n o t e   t h a t   o n   t h e   s i x t e e n t h   a n a l y s i s   a n d   b e y o n d ,  
t h e  a p p r o x i m a t i o n  f o r  t h i s  case i s  q u i t e  p r e c i s e .  
Example  2: L i f t   Max imiza t ion ,  M = 0.75,  a = 0" 
Al though  op t imiza t ion  us ing  sequen t i a l  app rox ima t ions  works  w e l l  f o r  
low-speed a i r f o i l s ,  i t  might  be  expec ted  tha t  the  technique  would  not  be  
adequa te  fo r  h igh - speed  app l i ca t ions  where  the  na tu re  o f  t he  f low f i e ld  abou t  
t h e  a i r f o i l  c a n  b e  q u i t e  s e n s i t i v e  t o  small c h a n g e s  i n  t h e  a i r f o i l  s h a p e .  
To s t u d y  t h i s  p o s s i b i l i t y ,  Case 3 o f  r e fe rence  3 was s o l v e d  u s i n g  t h e  p r e s e n t  
method. Here, t h e  l i f t  c o e f f i c i e n t  was max imized   sub jec t   t o  a c o n s t r a i n t  
on wave d r a g .  A va lue   o f  CL = 0.4211 w a s  o b t a i n e d   a f t e r  27 a n a l y s e s ,  
compared t o  CL = 0 . 4 1 8 8   o b t a i n e d   i n   7 0   a n a l y s e s   p r e v i o u s l y .  The r e s u l t s  
a re  shown as example 2A i n  f i g u r e  1 0 .  U s i n g  t h e  p r e s e n t  m e t h o d ,  t h e  o p t i m i -  
z a t i o n   c o n t i n u e d   t o   m a t h e m a t i c a l l y   i m p r o v e   t h e   a i r f o i l .   A f t e r  37 a n a l y s e s ,  
t h e  a i r f o i l  o f  f i g u r e  11 (example 2B) w a s  o b t a i n e d .  The o p t i m i z a t i o n  
t e r m i n a t e d  a f t e r  4 8  a n a l y s e s ,  y i e l d i n g  t h e  a i r f o i l  shown i n  f i g u r e  1 2  
( example   2C) .   No te   t he   s ign i f i can t   changes   i n   p re s su re   d i s t r ibu t ion  among 
1 0  
f igures   10-13 .  The  c 'omparison  of   approximate  and  precise   values   of  CL and CD 
are shown i n  f i g u r e  13. The  two v a l u e s   a g r e e  w e l l  a t  27 a n a l y s e s .   A f t e r  37 
a n a l y s e s  t h e  f l o w  f i e l d  is  as shown i n  f i g u r e  11. The  comparison  between 
approx ima te  and  p rec i se  va lues  i s  t h e n  p o o r  u n t i l  t h e  c o n v e r g e n c e  t o  t h e  f i n a l  
optimum a f t e r  48   ana lyses .  The disagreement   between  approximate  and  precise  
f u n c t i o n  v a l u e s  is unde r s t andab le  f rom f igu re  14  wh ich  shows  the  a i r fo i l  
c o r r e s p o n d i n g   t o   t h e   f o r t y - t h i r d   a n a l y s i s .   N o t e   t h e  reverse c u r v a t u r e   o f   t h e  
uppe r   su r f ace   nea r   t he   l ead ing   edge   and   nea r   t he   60 -pe rcen t   cho rd .   Th i s  
r e s u l t s  from t h e  i n a b i l i t y  t o  p r o p e r l y  m o d e l  a s u p e r c r i t i c a l  a i r f o i l  u s i n g  
t h e  NACA b a s i s  a i r f o i l s .  The o p t i m i z a t i o n  w a s  a b l e  t o  e f f e c t i v e l y  u t i l i z e  
t h e s e  d a t a  t o  r e d i r e c t  t h e  o p t i m i z a t i o n  p r o c e s s ,  l e a d i n g  t o  t h e  f i n a l  
c o n v e r g e d   s o l u t i o n .   T h i s   f i n a l   a i r f o i l ,  shown i n  f i g u r e  1 2 ,  h a s  t h e  same 
c h a r a c t e r i s t i c s  as  t h e  a i r f o i l  o f  f i g u r e  1 4 ,  b u t  t o  a lesser d e g r e e .  I n  a 
p r a c t i c a l  d e s i g n  s i t u a t i o n ,  i t  wou ld  be  des i r ab le  a t  t h i s  p o i n t  t o  a d d  o t h e r  
b a s i s  v e c t o r s  t h a t  r e p r e s e n t  s u p e r c r i t i c a l  a i r f o i l s ,  r e m e m b e r i n g  t h a t  t h e  
4 8  ana lyses  a l r eady  ob ta ined  p rov ide  use fu l  da t a  fo r  t he  expanded  op t imiz -  
a t i o n .  The r e s u l t s  o f  t h i s  o p t i m i z a t i o n  are g i v e n  i n  t a b u l a r  f o r m  i n  t a b l e s  1 
and 2.  
Example 3:  Wave Drag Minimizat ion,  M = 0.75, a = 0" 
To d e m o n s t r a t e  t h e  e f f i c i e n c y  o f  t h e  p r e s e n t  m e t h o d  when m u l t i p l e  
o p t i m i z a t i o n s  a t  t h e  same f l i g h t  c o n d i t i o n  are performed, Case 4 of 
r e f e r e n c e  3 w a s  s o l v e d .  The  48 ana lyses   pe r fo rmed   t o   so lve   example  2 h e r e  
were u s e d  a s  i n i t i a l  d a t a .  I n  r e f e r e n c e  3 ,  t h e  optimum a i r f o i l  f rom  the  
p r e v i o u s  d e s i g n  w a s  used as a s t a r t i n g  p o i n t  f o r  t h i s  d e s i g n .  I n  t h e  p r e s e n t  
s t u d y ,  t h e  t w e n t y - s e v e n t h  a n a l y s i s  ( f i g .  10) w a s  used as the   nominal   des ign  
a b o u t  w h i c h  t h e  f i r s t  T a y l o r  series expansion w a s  performed. An optimum 
d e s i g n   o f  CD = 0.0009 w a s  o b t a i n e d   u s i n g   o n l y  two a d d i t i o n a l   a n a l y s e s .  The 
r e s u l t i n g  a i r f o i l  i s  g iven  a s  example  3A i n  f i g u r e  15  and i n  t a b l e s  1 and 2 .  
T h i s  r e s u l t  c o m p a r e s  t o  a n  optimum CD = 0.0007 o b t a i n e d  p r e v i o u s l y  u s i n g  
44 aerodynamic  ana lyses .  
A s  a n  a d d i t i o n a l  e x e r c i s e ,  t h i s  d e s i g n  w a s  r epea ted  beg inn ing  wi th  the  
fo r ty -e igh th   ana lys i s   o f   example  2 as t h e  i n i t i a l  n o m i n a l  a i r f o i l .  An 
optimum CD = 0.0003 w a s  o b t a i n e d   u s i n g   f o u r   a d d i t i o n a l   a n a l y s e s .   T h i s  
des ign   (example  3B) i s  p r e s e n t e d  i n  f i g u r e  1 6  a n d  i n  t a b l e s  1 and  2.  A s  
s een  f rom the  f igu res ,  examples  3A and 3 B  r e p r e s e n t  q u i t e  d i f f e r e n t  a i r f o i l s ,  
a l t h o u g h  t h e  a c t u a l  c a l c u l a t e d  wave d r a g  i s  n e g l i g i b l e  i n  e a c h  c a s e .  
DISCUSSION 
Approximation concepts as app l i ed  to  ae rodynamic  des ign  have  been  
p r e s e n t e d .  The t echn ique  has  been  shown to  be  more  versa t i le  and e f f i c i e n t  
t h a n  ear l ier  t e c h n i q u e s .  It is  n o t   l i m i t e d   t o   t w o - d i m e n s i o n a l   a i r f o i l s ,   o r  
t o  a s i n g l e  f l i g h t  c o n d i t i o n ,  and i t  is n o t  l i m i t e d  t o  t h e  a e r o d y n a m i c  
ana lys i s   code   u sed   t o   p rov ide   t he   examples .  The technique  i s  a g e n e r a l  
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au tomated  des ign  p rocedure  tha t  may b e  a p p l i e d  t o  a w i d e  v a r i e t y  o f  e n g i n e e r -  
i n g  d e s i g n  p r o b l e m s  i n  a d d i t i o n  t o  t h e  o n e  c o n s i d e r e d  h e r e .  
The r e s u l t s  p r e s e n t e d  h e r e  are c o n s i d e r e d  p r e l i m i n a r y  a n d ,  as e x p e r i e n c e  
i s  g a i n e d  t h r o u g h  a p p l i c a t i o n  o f  t h e  m e t h o d ,  f u r t h e r  r e f i n e m e n t s  can b e  
expec ted  . 
F u t u r e  e f f o r t  w i l l  c o n c e n t r a t e  on development of the computer code, 
w r i t t e n  as p a r t  o f  t h i s  s t u d y ,  i n t o  a g e n e r a l l y  a v a i l a b l e  c o d e  f o r  d i s t r i -  
b u t i o n ,   a p p l i c a b l e   t o   p r o b l e m s   o f   b r o a d   e n g i n e e r i n g   i n t e r e s t .   E f f o r t s   i n  
aerodynamic design w i l l  b e  d i r e c t e d  t o w a r d  e x t e n s i o n  t o  m o r e  g e n e r a l  d e s i g n  
s i t u a t i o n s .  Of fundamental   importance is  development   of   data   s torage  and 
re t r ieval  systems s o  t h a t  t h e  e v e r  i n c r e a s i n g  b o d y  o f  a v a i l a b l e  a e r o d y n a m i c  
d a t a  c a n  b e  e a s i l y  u t i l i z e d  i n  d e s i g n .  F i n a l l y ,  e f f o r t  w i l l  b e  d i r e c t e d  
toward  the  use  o f  expe r imen ta l  da t a  as a b a s i s  f o r  d e s i g n .  T h e  g e n e r a l  g o a l  
is t o  d e v e l o p  a d i s t r i b u t a b l e  c o m p u t e r  p r o g r a m  a n d  d a t a  b a s e  t h a t  t h e  u s e r  
c a n  a p p l y  t o  h i s  p a r t i c u l a r  d e s i g n  p r o b l e m  a t  ex t remely  l o w  c o s t .  
Ames Research Center  
Nat iona l  Aeronaut ics  and  Space  Adminis t ra t ion  
M o f f e t t   F i e l d ,   C a l i f o r n i a  94035, November 1 7 ,  1 9 7 8  
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TABLE 1.- DESIGN  INFORMATION 
Examp 1 e 
1 
1 
2 93 
2A 
2B 
2c  
2D 
3 .A 
3 B  
Comment 
I n i t i a l  d e s i g n  
Optimum d e s i g n  
I n i t i a l  d e s i g n  
A f t e r  27 a n a l y s e s  
A f t e r  37 a n a l y s e s  
Optimum d e s i g n  
F o r t y - t h i r d  a n a l y s i s  
I n i t i a l  a n a l y s i s  n o .  27 
I n i t i a l  a n a l y s i s  n o .  48 
a1 
1.0 
4.9323 
1 .0  
.4989 
.05 33 
-. 4518 
- .4954 
.4205 -. 2137 
- " 
C o e f f i c i e n t s  
.. . 
___~ - .  
a2 
" 
0 
0 
-0.6653 
.4004 
.9713 
1.3518 
1.2148 
.1930 
-. 7223 
"3 
- 
0 
-0.4802 
0 -. 5997 
-1.3342 
-1.8513 
-1.8393 -. 6256 
-1.3723 
a4 
0 
0 
.6181 
1.2632 
1.8959 
2.0302 
.8698 
1.7285 
-2.301 8 
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TABLE 2. - ANALYSIS  INFORMATION 
- 
Example CL C Dw CM 
A" 
1 i n i t .  
2 ,3  i n i t .  
2A 
2B 
2c 
2D 
3A 
3B 
1 o p t .  
0.9864 
1.1437 
.4824 
.4211 
.4702 
.4716 
.4024 
.3057 
.3009 
0 
0 
.0113 
.003 9 
.003 9 
.0040 
.0019 
.0009 
.0003 
-0.0645 
-. 7496 
-. 1068 
-. 1017 
-. 1341 
-.1505 
-. 1319 -. 0770 
-. 0945 
0.0809 
.0750 
.0821 
.0750 
.0750 
.0755 
.0759 
.0751 
.0765 
t l c  
0.1193 
.1501 
.1201 
.1119 
.1154 
.1191 
.1191 
.1108 
.1168 
Number of ana lyses  
Camber 
0.0201 
.03  98 
.0201 
. O l O l  
.0108 
.0117 
.0124 
.007 7 
.0079 
Ref. 2 
- 
103 
143 
143 
143 
- 
- 
- 
- 
P.ef. 3 
- 
44 
42 
70 
70 
44 
- 
- 
44 
New 
method 
- 
1 9  
27 
37 
48 
2 
4 
- 
- 
a Cross-sect ional  area d iv ided  by the chord squared.  
1 6  
I 
0 XI 
Figure 1.- Two-variable design space. 
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Lr’ INPUT 
PRINT 
R ESU LTS 
PRECISE 
AERODYNAMIC 
ANALYSIS 
F i g u r e  2.- Prev ious  program organiza t ion .  
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x2 A 
0 X1 
F i g u r e  3 .- Sequence of p r e c i s e  a n a l y s e s :  p r e v i o u s  method. 
1 9  
BOUNDS ON 
APPROXIMATE 
0.030 
/ 
r- W M I N  - t/c = 0 
0 X1 
F i g u r e  4.- L i n e a r  a p p r o x i m a t i o n  t o  i n i t i a l  d e s i g n .  
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I 
INPUT 
Q *~ TAYLOR SERIES EXPANSION OPTIMIZATION 
PRECISE 
AERODYNAMIC 
ANALYSIS 
- 
" 
APPROXIMATE 
ANALYSIS 
L- 
CHECK SATISFIED 
CONVERGENCE 
PRINT 
RESULTS 
F i g u r e  5.- New program organizat ion.  
2 1  
a 
0 X1 
F i g u r e  6 . -  Sequence of p r e c i s e  a n a l y s e s  u s i n g  a p p r o x i m a t i o n  t e c h n i q u e s .  
2 2  
NACA 2412 
BASIS SHAPE 1 
BASIS SHAPE 2 
BASIS SHAPE 3 
(a)  Shapes 1 through 3 .  
F i g u r e  7.- Basis shapes. 
2 3  
NACA  64*A215 
BASIS SHAPE 4 
BASIS SHAPE 5 
BASIS SHAPE 6 w 
(b) Shapes 4 th rough 6.  
F i g u r e  7 .- Concluded. 
24 
CONSTRAINTS: IC (x/c = 0.Ol)lG 2.0 ICM I G0.075 A >0.075 
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